Homology Groups of Symmetric Quandles and Cocycle 
Invariants of Links and Surface-links 

Seiichi Kamada* and Kanako Oshiro^ 
Department of Mathematics, Hiroshima University, Hiroshima 739-8526, Japan 
kamada@math.sci.hiroshima-u.ac.jp (S. Kamada) 
d085317@hiroshima-u.ac.jp (K. Oshiro) 



Abstract 

We introduce the notion of a quandle with a good involution and its homology groups. 
Carter et al. defined quandle cocycle invariants for oriented links and oriented surface-links. 
By use of good involutions, quandle cocyle invariants can be defined for links and surface- 
links which are not necessarily oriented or orientable. The invariants can be used in order to 
estimate the minimal triple point numbers of non-orientable surface-links. 
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1 Introduction 

The fundamental quandles are strong invariants of links, which are generalized to any codimension- 
two oriented manifold pairs, [13l [T7] . Carter et al. [4] denned homology groups of quandles, 
which are deeply related to homology groups of racks due to Fenn et al. [10] , cf . [16] . Using 
cocycles 9 of quandles, Carter et al. [4] defined invariants of links in 3-space or surface- links in 
4-space, called quandle cocycle invariants and denoted by in this paper. For details on quandle 
homologies and invariants, refer to [TJ [31 2] [5] [TH1 [HI HH1 HH1 HI]- Quandle cocyle invariants can 
distinguish the left-handed trefoil from the right-handed trefoil ([501 1H])> and the 2- twist-spun 
trefoil from its copy with the opposite orientation ([2 [4] [TSJ [20j [21]), although the fundamental 
quandles themselves cannot. In order to define quandle cocycle invariants, it is essential that links 
or surface-links are oriented. In this paper we introduce the notion of a quandle with a good 
involution, which is called a symmetric quandle, and its homology groups. This notion enables 
us to consider quandle cocycle invariants, denoted by <E>g, for links or surface- links which are not 
necessarily oriented or orientable. 

For a given symmetric quandle 2-cocycle 6, we define a quandle cocycle invariant <frg of an 
unoriented link. We show that <E>g is equal to the quandle cocycle invariant $g rl of an oriented link 
when we give an orientation to the link arbitrarily (Theorem 16. 7j) . As a consequence, we see that 
<f>g rl does not depend on the orientation of a link if 9 is a quandle 2-cocycle cohomologous to a 
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symmetric quandle 2-cocycle. We can also use the fact $g n = $0 for calculation of since the 
calculation of <f>e is sometimes simpler than that of $g rl as seen in Example 17.41 

For a given symmetric quandle 3-cocycle 9, we define a quandle cocycle invariant <J>e of an 
unoriented or non-orientable surface-link. We show that when a surface-link is orientable, the 
invariant <3?g is equal to the quandle cocycle invariant <j>g rl of an oriented surface-link when we 
give any orientation to the surface- link (Theorem 18. 5p . The invariants are essentially new and 
interesting for non-orientable surface-links. As <&g n can be used to estimate the minimal triple 
point numbers of oriented surface- links 25, 26 , we can use $g to estimate those of non-orientable 
surface-links (Theorem 18.61 Proposition [HUl Theorems 19.51 and 19.61) . 

This paper is organized as follows: In |j2]thc definition of a quandle with a good involution or 
a symmetric quandle is defined. In Sf3]wc determine good involutions of trivial quandles, dihedral 
quandles and keis. In §SfJ] and [5] the definitions of the associated group and homology groups of 
a symmetric quandle are given. In wc investigate cocycle invariants $e for classical links and 
show that <E>g is equal to $g". In iJTJa special case where A is a kei and p is the identity map of 
X is considered. In iJ5]we discuss quandle cocycle invariants for surface- links. In examples of 
quandle cocycle invariants and applications on the minimal triple point numbers of surface-links 
are given. 

2 Quandles with Good involutions 

A quandle {51 1131 [TT] is a set X with a binary operation (x,y) <—y x y satisfying the following: (Ql) 
For any x G X, x x = x, (Q2) for any x, y G X , there exists a unique element z G X with z y = x, 
and (Q3) for any x,y, z G X, (x y ) z — (x z Y y -'D We denote the element z given in (Q2) by x y . 
A rack [9] is a set X with a binary operation satisfying (Q2) and (Q3). 

A kei [57] or an involutory quandle [T3] is a quandle satisfying that {x y ) v = x for any x, y G X. 
In other words, a kei is a quandle X with x y = x y for any x, y G X. 

Definition 2.1 A map p : X — > X is a good involution |15] if it is an involution (i.e., p o p = id) 
such that p(x y ) = p(x) y and x p ^ — x y for any x, y G X. Such a pair (X, p) is called a quandle 
with a good involution or a symmetric quandle. 

A [quandle) homomorphism f : X — > Y is a map such that f(x y ) = /(x)?^ for any x,y G X. 
A (symmetric quandle) homomorphism f : (X,px) — > {Y, py) means a map / : X — > Y such that 
f{x y ) = f( x yW and /(px(aO) = for any x,y G A. 

Example 2.2 (cf. [15]) Let G be a group. The conjugation quandle, denoted by conj(G), is G 
with the operation x y = y~ l xy. The inversion, inv(G) : G — > G;g 1— ► g -1 is a good involution of 
conj(G). We call (conj(G), inv(G)) the conjugation symmetric quandle. 

Example 2.3 (cf. [T5]) Let A be a quandle and let Xi and A2 be two copies of X. For an 
element x G A, we denote by x\ and X2 the corresponding elements of X\ and A2, respectively. 
Let -D(A) be the disjoint union of X\ and A2. For any elements x,y G A, we put a;^ 1 = (a; y )i and 
xf = (xu~ 1 ) i for i = 1,2. Then the set D(X) is a quandle. The involution p : D(X) -> D(A) 
interchanging xi and ^2 for every a; G A is a good involution. 

Definition 2.4 (cf. [15]) For a codimension-two manifold pair (W, L), let Ql be the set of homo- 
topy classes, x = [(D,a)], of all pairs (D,a), where D is an oriented meridian disk of L and a is 
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a path in W \ L starting from a point of dD and ending at a fixed base point * G W \ L. It is a 
quandle with an operation defined by 

[(£>!, ai )p a ' Q2 >] = [(A, ai • a^ 1 • 9D 2 • a 2 )}. 

An involution p : Ql — > defined by [(D, a)] h- > [(— D, a)] is a good involution of Ql, where — D 
stands for the meridian disk D with the opposite orientation. The fundamental symmetric quandle 
of L is (Ql,p)- 

Example 2.5 If L is an unknot in R 3 or an unknotted 2-sphere in R 4 , then Ql consists of two 
elements, say x\ = [(-D,a)] and x 2 = [(— D,a)]. This is a trivial quandle (i.e., x i 3 — Xi for 
i,j G {1,2}) and p(x\) = x 2 . On the other hand, if L is an unknotted projective plane in R 4 , 
then Ql consists of a single element x with p[x) = x, where any surface ambiently isotopic to the 
projective planes that project to the standard cross-cap is unknotted. 

When L is transversely oriented (i.e., all meridian disks of L are oriented coherently), we have 
a subquandle Ql of Ql consisting of all homotopy classes of pairs (D, a) such that D has the given 
orientation; cf. p. 359 of [9|. Then (Ql, p) is isomorphic to (D(Ql), p) in the sense of Example 1 2. 3 1 

3 Good involutions of trivial quandles, dihedral quandles 
and keis 

In this section we study good involutions of trivial quandles, dihedral quandles and keis. 

A trivial quandle is a quandle whose operation is trivial, i.e., x v = x for any i,yeX. A trivial 
quandle consisting of n elements will be denoted by T n later. 

Proposition 3.1 If X is a trivial quandle, then every involution of X is a good involution. Con- 
versely, if every involution of X is a good involution, then X is a trivial quandle. 

Proof. Let p be an involution of a trivial quandle X. For any x, y G X, p{x v ) = p(x) = p(x) y , 
and x p ( yS> = x = x v 1 . Therefore, p is a good involution of X. 

Suppose that any involution of A is a good involution. For any x, y € A, consider an involution 
p : X — * X with p(x) = y, p(y) — x and p(z) = z for z ^ x, y £ A. If p is a good involution, then 
x = p(y) = p{y v ) = p{y) v = xV ■ Thus A is a trivial quandle. I 

The dihedral quandle of order n is Z/nZ with the operation x v = 2y — x (mod n). We denote 
it by R n . For simplicity, we denote an element i + nZ of Z/nZ by i for i 6 {0, 1, • • • , n — 1}. 

Operations of the dihedral quandle R n correspond to inversions along axes of symmetry of a 
regular n-gon. Consider a regular n-gon whose vertices are named 0, 1, • • • , n — 1 G Z/nZ = A in 
this order. The inversion along the axis of symmetry passing through a vertex y G A induces a 
bijection A — > A with x <— ► 2y — x (mod n). 

Let A be the dihedral quandle R n = Z/nZ. The identity map is a good involution. If n is an 
even number, say 2m, then a map p : X — > X with p(i) = i + m for all i is a good involution. 
We call it the antipodal map. Moreover if n = 2m for some even number m. then A has two more 
good involutions, say p\ and p 2 , with p\(i) = i for odd i's and pi(i) = i + m for even i's; and 
p 2 {i) = i + m for odd i's and P2(*) = « for even i's. We call them half- antipodal maps. See Figure[TJ 
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Theorem 3.2 Let X be the dihedral quandle R n . 

(1) When n is an odd number, the identity map is the only good involution. 

(2) When n = 2m and to is an odd number, a good involution is either the identity map or the 
antipodal map. 

(3) When n = 2m and m is an even number, there are four good involutions: the identity map, 
the antipodal map and two half- antipodal maps. 




Figure 1: The antipodal map and the two half- antipodal maps 



We prepare a lemma for the proof of Theorem 13.21 

Lemma 3.3 Let p be a good involution of R n . 

(1) For each i £ R n , p{i) = i or p{i) = i + n/2. The latter occurs only if n is even. 

(2) Let n be an even number. If p(i) = i + n/2 for some i, then p(j) = j + n/2 for every j such 
that i = j (mod 2). 

Proof. (1) For any i and j e R n , jP® = f' 1 = j\ Thus 2p(i) = 2i in Z/nZ. If n is odd, then 
p{i) = i. If n is even, then p(i) = i or i + n/2. 

(2) Suppose that p(i) = i + n/2 for some i. Then p(i + 2) = p{i t+l ) = p(i) i+1 = (i + n/2) t+1 = 
i + 2 — n/2 = i + 2 + n/2. By induction, we have the result. I 

Proof of Theorem \'6.2l Let p be a good involution of R n . 

(1) When n is an odd number, by Lemma 13.31 (1), p is the identity map. 

(2) When n = 2m for an odd number m, suppose that p is not the identity map. By Lcmma l3.3l 
(1), there is an element i G R n such that p(i) — i + m. Then, p(i + m) = i. One of i and i + m 
is an odd number, and the other is an even number. By Lemma 13.31 (2), p(j) = j + m for every 

j e Rn- 

(3) When n = 2m for an even number to, suppose that p is not the identity map. By Lemma [3.3l 
(1), there is an clement i G R n with p(i) = i + m. By Lemma l3.3l (2). we see that p is the antipodal 
or a half-antipodal map. I 

A good involution of a quandle is not necessarily a quandle homomorphism. It is a quandle 
homomorphism if and only if the quandle is a kei. A kei is characterized in terms of a good 
involution as follows. 

Proposition 3.4 Let X be a quandle. The following are equivalent. 

(1) X is a kei. 

(2) The identity map of X is a good involution. 

(3) X has a good involution which is a quandle homomorphism. 

(4) Any good involution of X is a quandle homomorphism, and X has at least one good invo- 
lution. 
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Proof. (1) =4> (2): For the identity map p, p(x v ) = p(x) y . Since X is a kei, x p ^ = x v = x v ~ . 

(2) => (3): It is obvious. 

(3) (1): Let p be a good involution which is a quandle homomorphism. For any x,y G X, 
p(x v ) = p{x) p ^l Since p{x v ) = p(a;)» and p^)^ = p(x) v ~\ we have = p{x) v ~ l . 

(1) (4): Let p be a good involution. For any x,y G X, p(x v ) = p(x) v = p(x) v = p(x) p ^ v \ 
Therefore, p is a quandle homomorphism. As seen above, the identity map is a good involution. 

(4) => (3): It is obvious. I 



4 The associated group of a symmetric quandle 

The associated group of a quandle X is 

G x = (x E X;x y = y- 1 xy (x,yeX)). 
The associated group with the natural map rj : X — > Gx has a universal mapping property; see 

0H3i. 

The associated group, Gix,p) i of a symmetric quandle (X, p) is defined by 

G(x,,) = (i^:i s = rt (x,yGX), pfc^aT 1 (a G X)}; 

The natural map fx : X — » G(x, P ) is the composition of the inclusion map X — > F(X) and the 
projection map ^X-X") — > Grx,p)i where F(X) is the free group on X. The associated group Gtx,p) 
with the natural map p : X — > G(x,p) nas a universal mapping property as follows: 

Proposition 4.1 Let (X,p) be a symmetric quandle. 

(1) The natural map p : X — > G/x, P ) * s a symmetric quandle homomorphism 

M : (conj(G (X:P) ),inv(G (XiP) )). 

(2) Lei G be a group. Any symmetric quandle homomorphism f : (X,p) — > (conj(G), inv(G)) 
"factors uniquely through p"; that is, there exists a unique group homomorphism /j : G^x, p ) — * G 
wii/i f = f# ° P, i.e., it makes the following diagram commutative. 



(X, P ) 
I 

(conj(G),inv(G)) 



G 



/« 



G 



z 1 in G {x ,p)- 



This implies that 



Proof. (1) For any x,y & X, x y = y l xy and p(a;) 
//(a; 27 ) = p{xY^ and // o p(x) = inv(G(x, P )) 

(2) Let /* : F(X) — > G be the group homomorphism determined by the map / : X — > G. Since 
/ is a symmetric quandle homomorphism, 



f{x v ) = f{y)- 1 f{x)f{y) and = /(x)" 1 

for all i,y6l. Thus /* : F(X) — > G induces a desired homomorphism /j : Gix,p) 
Proposition 14. II is a symmetric quandle version of Proposition 2.1 of [9j. 



G. 
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Example 4.2 (1) Let (X, p) be the fundamental symmetric quandle of an unknot in R 3 or an 
unknotted 2-spherc in R 4 , i.e., X = Ti = {xi,X2} and p{x\) = X2 (Example [23| . The associated 
group Gx of X is Z x Z and the associated group Gix, P ) is Z. 

(2) Let (X,p) be the fundamental symmetric quandle of an unknotted projective plane in R 4 , 
i.e., X = {x} and p(x) = x. The associated group Gx is Z and the associated group Gix,p) is 
Z/2Z. 

For a quandle X, an X-set is a set Y equipped with a right action of the associated group 
Gx- For a symmetric quandle (X,p), an (X,p)-set is a set Y equipped with a right action of the 
associated group G(x,p) ■ We denote by y 9 or by y ■ g the image of an element y £ Y by the action 
.9 G G {X . P )- Then y • (xix 2 ) = (y ■ xi) ■ x 2 , y • (a^' 2 ) = y • ^l^) and j/ ■ (p(xi)) = y ■ (x^ 1 ) for 
X\, x% £ X and y £ Y. 

5 Homology groups of a symmetric quandle 

Let (X, p) be a symmetric quandle. Let C n = C n (X) be the free abelian group generated by 
n-tuples (xi, • ■ ■ ,x n ) of elements of X when n is a positive integer, and let C n be {0} otherwise. 
Define the boundary homomorphism d n : C n — > C„_i by 

71 

(^1) ' 3 *^n) = ^ ^ ( 1) {(^l ; ' ' ) ' ? X n ) [X\ , , X^_-^ i ^ii Xi-\-\ , * * , X n )} 
i=l 

for n > 1 and 9 n = for n < 1. Then = {C„, d n } is a chain complex (cf. [4] |5j [Till PI ) ■ 
Let be the subgroup of C n generated by the elements of 

n-i 

|J {(xi, ■ ■ ■ ,x n ) £ X n | ^ = 
and let D p be the subgroup of C n generated by the elements of 

n 

[J {(xi, ■ ■■ ,x n ) + {xf*,- ■ ■ ,x%L 1 ,p(xi),x i+1 , ■ ■ ■ ,x n ) | xi, ■■■ ,x n £ X} . 

i=l 

Then L>? = {D%,d n } and D P = {D p ,d n } are subcomplexes of C*. The for mer of this fact is 
proved in [1] and the latter is seen as a special case of Lemma 15.11 
Define abelian groups C*(X), C$(X), C%< P (X) and C$' P (X) by 

C*{X) = C n , C®(X) = C n /D%, 

C*>p(X) = C n /D p , and C^X) = C n /(D« + Dg), 

and we have chain complexes Cf(X), C?(X), Cf' p (X), and C?' P {X). Their homolo gy groups are 
denoted by Hf{X), H?(X), H?' P (X), and H?' P (X), and called the rack homology groups, quan- 
dle homology groups, symmetric rack homology groups, and symmetric quandle homology groups, 
respectively. 

Let Y be an (X, p)-set. Let C n (X)y be the free abelian group generated by the elements 
(y, Xi, . . . , x n ) where y £ Y and x\, . . . , x n £ X when n is a positive integer, Cq{X)y = Z(Y), the 
free abelian group on Y, and let C u (X)y be {0} for n < 0. 
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Define the boundary homomorphism d n ■ C n (X) Y — > C n -i(X) Y by 

n 

^ra (j/j ^1) ' ' ' i x n) ^ ] (~^) '{(2/ J ^"1 > ' ' ' !■£»)'■' 1 — (2/ * 1 j ' ' ' 1 ^i—i j 2-i j 1 j j X n )} 

i=l 

for n > 1, and d n = otherwise. Then C m (X)y = {C n (X) Y , d n } is a chain complex (cf. fTUI HT] ). 
Let D%(X)y be the subgroup of C n (X) Y generated by the elements of 

n-1 

U {(y>»li • • • i^n) I Xi = X l+1 } 
i=l 

and let D P l (X) Y be the subgroup of C n (X) Y generated by the elements of 

n 

[j {(y,x 1 ,...,x n ) + (y Xi ,x x %.. .,x x i 1 ,p(x i ),x l+1 , . . . , x n ) \ y G Y, x 1: ■ ■ ■ , x n € X}. 

1=1 

Lemma 5.1 For each n, d n (D%(X) Y ) C D^_ 1 (X) Y and d n (DP(X) Y ) C D p n _ 1 {X) Y - Hence 
D$(X) Y = {D%(X) Y ,d n } and D P {X) Y = {D?(X) Y ,d n } are subcomplexes ofC*{X) Y . 

Proof. It is seen by a direct calculation that d n {D^{X) Y ) C D^_ 1 (X) Y (cf. g]). We show 
that d n (DP(X) Y ) C D^_ 1 (X) Y . Let ie{l, - ,n} be fixed. Recall that {x z )^ = (x v ) z for 
x E X UY and y, z € X, and we denote (x v ) z by a; 1 * 2 for simplicity. In the following calculation, 
= stands for the congruence modulo D P l _ 1 (X) Y . 



X\ , • • ■ , x i _ 1 , 


p(Xi),X i+ i,- ■ ■ 


3 ^n) 








i-1 


{Ul X •••• 




!*'' i -^i— 1 1 P( x i), Xj+i 


1 ' ' ' j x n ) 










XjKi -J; _ _ _ 


■^i — 1 j P{Xi)i 1 ' ' 


1 ^n)} 




{(//'••'•;•••• 




1 1 Xi-\-\ , • • • , s n ) — (y, 


3-1) ' ' 5 1 ; -^7+1 ; ' 


1 ^n)} 


+ E 

i=i+l 


{(//' ••'•; •••• 




1 ) p(.Xi*) : X%-\-\ j • • • , J j 
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' "^i— 1' ^ ' X 3 + 1 




i-1 

-E(-d j 


• •• 1 


Xj, ■ 


• ■ ,ar„) + (y Xi ,x¥,- ■ 


' X j — 1> X 3 ' X 3+l> 


j ^n)} 




{(.'/ •■'•; •••• 


x Xi 


1 1 2-i+l 1 ' ' ' 1 2<n) — yVi 


X\ ; ' " " j^t-li Xi-^-i , 




n 

+ E (-*)' 


{-(y,xi, • • • , 


Xj, ■ 


■■ ,X n ) + (V XJ , X X 3 , ■ ■ 


, Xj_^, Xj , Xj+i, 




= -d n (y,X!, ■ 


5 ) ■ 











Therefore, 9„(D^(X) y ) c Z^pOy. 
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Define C*(X) Y , C$(X) y , C* p (X) y , and C$"{X)y by 

C*{X) Y = C n {X) Y , C%(X) Y = C n (X) Y /D%(X) Y , 

Cy{X) Y = C n (X) Y /DP(X) Y , C$>o(X) Y = C n (X)Y/(D%(X)Y + DP(X)Y), 

and we have chain complexes Cf-(X) Y , C*(X)y, C^' P {X) Y and C®' P (X) Y . The homology groups 
are denoted by H*-(X) Y , H?(X) Y , H?' P (X) Y , and H?' P (X) Y , respectively. 

For an abclian group A, wc define the chain and cochain complexes C^(X, A) Y = (X) Y <g>A 
and C^(X,A) Y = Hom(Cf where W = R,Q,{R,p} and {Q,p}. The homology and 

cohomology groups are denoted by H^(X, A) Y and H^(X, A) Y , respectively. 

6 Quandle cocycle invariants of classical links 

Let D be a diagram in K 2 of an unoriented link in R 3 . Divide over-arcs at the crossings and we 
call the arcs of the result semi-arcs of D. For example, the diagram D in Figure [21 consists of 3 
over-arcs and 6 semi-arcs. 




D semi-arcs 



Figure 2: semi-arcs 

We say that an assignment of a normal orientation and an element of X to each semi-arc of D 
satisfies the coloring conditions if it satisfies the following two conditions (Figure [3]): 

• Suppose that two diagonal semi-arcs coming from an over-arc of D at a crossing v are labeled 
by x\ and xi. If the normal orientations are coherent, then x\ = X2, otherwise x\ = p(x2)- 

• Suppose that two diagonal semi-arcs e\ and e2 which are under-arcs at a crossing v are 
labeled by x\ and X2, and suppose that one of the semi-arcs coming from an over-arc of D 
at v, say e 3 , is labeled by 23. We assume that the normal orientation of the over semi- arc 
e3 points from e\ to e.^- If the normal orientations of e\ and e2 are coherent, then x^ 3 = X2, 
otherwise x^ 3 = p{x2)- 
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X2 



Xl 



Xl = x 2 



Xl 



•'•2 



X'l 3 = X 2 



•I'.'i 



Xl 



x-x 



Xl 



■r-2 



xi = p(x 2 ) 



xT = p(x 2 ) 



Figure 3: Coloring conditions 

A basic inversion is an operation which reverses the normal orientation of a semi-arc and 
changes the element x assigned the arc by p{x). Note that the coloring conditions are preserved 
under basic inversions. 

An (X, p)- coloring of D is the equivalence class of an assignment of a normal orientation and 
an element of X to each semi-arc of D satisfying the coloring conditions. Here the equivalence 
relation is generated by basic inversions. 



' x p(x) 
Figure 4: A basic inversion 



Let Y be an (X,p)-set. An (X , p)y -coloring of D is an (X, p)-coloring with an assignment of 
an element of Y to each complementary region of D satisfying the following condition (Figured]): 

• Suppose that two adjacent regions fi and f 2 which are separated by a semi-arc, say e, are 
labeled by yi and y 2 . Suppose that the semi-arc e is labeled by x. If the normal orientation 
of e points from fi to f 2 , then y\ = y 2 . 



[yi] 

lV2] 



¥i = V2 



Figure 5: Coloring condition for regions 



In figures, the label y eY assigned a region is indicated by [y]. See Figure [S] 
Considering an (X, p)-set Y consisting of a single element, we may regard an (X, /^-coloring as 
an (X, p)y-coloring. 

Proposition 6.1 Let {X,p) be a symmetric quandle, and Y an (X, p)-set. If two link diagrams 
represent the same unoriented link type, then there is a bijection between the sets of {X, p)-colorings 
of the diagrams, and there is a bijection between the sets of {X, p)y- colorings. 



9 



Proof. Suppose that D and D' are diagrams related by a single Rcidemcistcr move. Let E 
be a 2-disk in R 2 in which the Rcidemeister move is applied. For each (X, p)y-coloring of D, its 
restriction to D\E(= D' \E) can be uniquely extended to an (X, p)y-coloring of D' . Thus there 
is a bijection between the set of (X, /9)y-colorings of D and that of D'. | 

Let D be an unoriented link diagram. Fix an (X, /o)y-coloring of D, say C. For a crossing v 
of D, there are four complementary regions of D around v. (Some of them may be the same.) 
Choose one of them, say /, which we call a specified region for v, and let y be the label of /. Let e\ 
and e 2 be the under semi-arc and the over semi-arc at v, respectively, which face the region /. By 
basic inversions, we may assume that the normal orientations n\ and n 2 of e\ and e 2 point from 
/ to the opposite regions. Let x\ and x 2 be the labels of them, respectively. The sign of v with 
respect to the region / is +1 (or —1) if the pair of normal orientations (712, rii) does (or does not) 
match the orientation of R 2 . The weight of v is defined to be e(y, x\, x-i) where e is the sign of v. 
See Figure [6] 



xi 



(y,xi,x 2 ) 



[y] 



X2 



[y\- 



X\ 



.'■■2 



-(y,x\,x 2 ) 



Figure 6: Weights 



Lemma 6.2 As an element of C^" p {X)y = C 2 {X)y / D^(X)y , the weight of v does not depend 
on the specified region. 

Proof. When we change the specified region as in Figure [71 where the specified region is denoted 
by *, the weight (y, x 1 ,x 2 ) changes to -{y X2 , x\ 2 , p{x 2 )), {y XlX2 , p{xi) X2 , p(x 2 j) or -{y Xl , p{x 1 ),x 2 ). 
They are the same element of C 2 (X)y / D%{X)y ■ I 



P(x 2 ) 




Figure 7: Weights for the same crossing 
For a diagram D and an (X, p)y-coloring C, we define a chain cp^c by 
c D fi =J2 e (y^uX 2 ) G Cf ' p (X) Y or C?- P (X) Y , 

V 

where v runs over all crossings of D and e(y,xi, x 2 ) is the weight of v. 

Let (D,C) be a pair of a diagram and an (X, p)y-coloring. If D changes into D' by a single 
Rcidemeister move in a disk support E, then there is a unique (X, p)y-coloring, say C", of D' 
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which is identical with C outside E. In this situation, we say that (D 1 , C') is obtained from (£>, C) 
by a Rcidcmcistcr move (with support E). 

We say that (-D, C) and (D' , C) are Reidemeister move equivalent if they are related by a finite 
sequence of Reidemeister moves. The equivalence class of (D,C) is called an {X, p)y- colored link. 

Theorem 6.3 The homology class [cd,c] G H^' p (X)y is an invariant of an {X 1 p)y -colored link. 

Proof. First we show that the chain cd.c is a 2-cyclc of C^' p (X)y and C^" p {X)y ■ Let us fix 
a checkerboard coloring of the complementary regions of D. Using basic inversions, we assume 
that normal orientations of semi-arcs of D point from the black regions to the white. Then we 
give an orientation to every semi-arc of D such that the orientation vector followed by the normal 
orientation vector matches the orientation of R 2 . Assign a pair (y,x) £ Y x X to each semi-arc, 
where y is the color of the black region and x is the color of the semi-arc. See Figure [51 




Figure 8: The label of a semi-arc 

If the semi-arc is not a simple loop, then we give the initial point the weight —(y,x) and the 
terminal point the weight (y, x) with respect to the orientation of the semi-arc. For each crossing 
v of D, we choose its specified region from the black regions. See Figure El If Figure [9^1) occurs 
at f, the weights of v is (y,xi,x 2 ), and 

d 2 (y,x u x 2 ) = -(y,x 2 ) + (y xi ,x 2 ) + {y,xi) - {y X2 ,x* 2 ) 

ee -(y,x 2 ) - (y^,p(x 2 )) + (y, Xl ) + {y^,p{ Xl D 

mod D p (X)y- The four terms are exactly the same with the weights assigned the endpoints of 
semi-arcs. See Figure [TU1 It is similar for Figurc[^2). 



Xi 



[y] 



(y,x l7 x 2 ) 



•?'2 



Xl 



. x 2 



(1) 



(2) 



Figure 9: Weights 



-(y,X!,x 2 ) 
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[y xlX2 ] 



•i'2 



Figure 10: Weights 

Since the weights of cndpoints of semi-arcs are canceled, we see that d2(cu,c) = mod D p (X)y- 
Therefore the chain cr>,c is a 2-cycle of C^' p (X)y and C* ' p (X)y- 

It is sufficient to prove that if (D, C) changes into (D' , C) by a single Reidcmeister move then 
[cd,c] = [ C -D'.c] m -ff?' P (A)y. If the Reidemeister move is of type II, then c^.c equals crj\c" in 
the chain group C^' p (X)y- If the Reidemeister move is of type III (Figure ITT]) . then by choosing 
specified regions as in FigurcfTTl it is seen that the difference of cd,c an d cd'.c is id 3 (y, x±, X2, £3) 
for some (y, Xi, x 2 , x 3 ) e Y~ x X 3 , cf. [1 US US HQ ■ In cither case, [c D)C ] = [c D >,c>] in H^ P (X) Y 
and in H^' p (X)y- If the Reidemeister move is of type I, then the difference of cd,c and cd'.c is 
±(y,x,x) for some (y,x) eFxI, which vanishes in C^' p (X)y- | 



Xl x 2 x 3 Xl x 2 x 3 




Figure 11: A Reidemeister move of type III 

Let 

H{D) = {[c D , c ] e H^ P {X) Y \C: (X, p) r -colorings of D} 

as a multi-set. (A multi-set means a set with (possible) repeats.) 

For a 2-cocycle 9 of the cochain complex Cq p (X, A)y with a coefficient group A, let 

$e(£>) = {^(c A c) G A I C* : (X, p) y -colorings of D} 

as a multi-set. 

Corollary 6.4 TTie multi-sets Ti-(D) and &e(D) are invariants of the link type of D. 

By definition of C Qp (A, A) Y , the linear extension 9 : Z(Y~ x X 2 ) — > A of a map 6> : Y x A" 2 — > A 
is a 2-cocycle of Cq p (AT, A)y if and only if the following conditions (1)~(3) are satisfied. 
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(1) For any (y,xi,X2,x 3 ) G Y x X 3 , 

- 6(y, x 2 ,x 3 ) + 6(y Xl , x 2 ,x 3 ) + 8(y, xi,x 3 ) 

- 8{y x - , xT , x 3 ) - 6{y, x 1 ,x 2 ) + 6(y** , x* 3 ,xf) = 0, 

(2) For any (y, x) G Y x X, 6(y, x, x) = 0, and 

(3) For any (y, x±, x 2 ) G Y x X 2 , 

8(y,x 1 ,x 2 ) + 9(y Xl ,p{x 1 ),x 2 ) = and 6(y, xi, x 2 ) + 9{y X2 , x X2 , p(x 2 j) = 0. 

We call these conditions the symmetric quandle 2-cocycle conditions. 

Example 6.5 Let X be the order 4 trivial quandle T4 = {ei,e' 1 ,e 2 ,e' 2 }, and p : X — > X a good 
involution with /o(ci) = e\ (i = 1,2) (see Proposition 13. ip . Let y = {e}, which is an (X, p)-set. 
Define a map 6 : Y x X 2 — > Z by 

" X(e,ei,e2) ~t~ Xfe.e^e^) X(e,e^,e2) X(e,ei,e 2 )) 

where X(e,o,6) is defined by X(e,a,b)(e,x,y) = 1 if {e,x,y) = (e,a,b) and X(e,a,6) (e, a;, y) = oth- 
erwise. Then satisfies the symmetric quandle 2-cocycle conditions, and the linear extension 
6 : Z(Y x X 2 ) -»■ Z is a 2-cocycle. 

Let D be a diagram of an unoricnted (2, m)-torus link with 2m crossings. There are 16 {X, p)y- 
colorings, and they represent cycles 

m(e, a, 6) + m(e, b, a) 
for a, b G X. When we evaluate these cycles by 9, we have 

!m if (a, 6) = (e,-, e^), (e-, e^) for i ^ j, 
-to if (a, 6) = (e-, e ), (e l , e'j) for i ^ j, 
otherwise . 

Thus 3>f(D) = {to, to, to, to, — m, —to, —to, —to, 0, ■ • ■ , 0(8 times)}. 

Proposition 6.6 Let (X, p), Y , and f be as in Examvle \6.5\ Let D be a diagram of a 2-component 
unoriented link L. Then Qg(D) = {to, to, to, to, —to, —to, — m, —to, 0, • • • , 0(8 times)}, where m is 
the linking number of D when we give an orientation to D. 

Proof. Give an orientation to D = D\ U D 2 , and denote this oriented diagram by D + . The 
semi-arcs of D can be assigned a normal orientation such that the orientation vector of D + followed 
by the normal orientation vector matches the orientation of M 2 . For each (X, p)y-coloring, we take 
a representative such that each semi-arc has a normal vector this way. Then each semi-arc is 
labeled by an element of X. The complementary regions are always colored by e G Y. (This 
coloring is the -XV-coloring of an oriented link diagram in the sense of [H [5D], etc..) Since X is a 
trivial quandle, the labels of semi-arcs of the same knot component Dk {k = 1,2) are the same. 
Let Xk be the label of Dk- There are 16 admissible colorings according to (x±, x 2 ) G X x X . The 
linking number Lk(Z) + ) of D + is the sum of signs of crossings where Di is lower and Dj is upper 
for i =/= j. When (x\,x 2 ) = (e,,ej) or (e^,e^) with i =/= j, then the value 9(e,a,b) at a crossing 
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v is the sign of v if Di is lower and Dj is upper, or otherwise. Thus for these colorings C . 
9{cd,c) = Lk(Z? + ). When (xi,X2) = or (ei,e'j) with i ^ j, then the value 9(e,a,b) at a 

crossing v is the negative of the sign of v if Di is lower and Dj is upper, or otherwise. Thus for 
these colorings C, 9(cd,c) = — Lk(D + ). When (x\, x%) is not (±ej, ±ej) with i ^ j, then the value 
#(e, a, 6) at a crossing v is 0. Thus for such a coloring C, 6(cd,c) = 0. | 

The invariants Ti.(D) and ^(-D) are analogies of invariants of oriented links in the sense of 
IH [2U] , which we denote by Tt° T1 and <f>g n . We recall them. Let D + be an oriented diagram 
such that D is obtained from D + by forgetting the orientation. Using the orientation, we assign 
the semi-arcs of D + normal orientations such that the orientation vector followed by the normal 
orientation vector matches the orientation of R 2 . An Ay -coloring of D + is assignment of an 
element of A to each semi-arc and an element of Y to each complementary region of D + satisfying 
the conditions illustrated in the left of Figure [3] and in Figure [5] The weight of each crossing is 
defined as in Figure [6] Let c D + c be the sum of the weights of all crossings of D. It is a 2-cycle 
of C* (X)y, and the homology class [cd+,c] £ H^(X)y is a colored link invariant [HO [20]. Let 
n oli {D+) = {[c D+fi ] G H$(X)y | C : Xy-colorings of D+} and $g ri (£> + ) = {0{c D+iC ) G A\C : 
Xy-colorings of D + } as multi-sets, where 9 is a 2-cocycle of Cq(X,A) Y - Then H OT1 (D + ) and 
$g rl (_D + ) are oriented link invariants. 

Note that if 9 : Z(Y x X 2 ) -> A is a 2-cocycle of C^ p (X,A) Y , then 6» is a 2-cocycle of 
C* Q (X,A) Y . 

Theorem 6.7 Let {X,p) be a symmetric quandle, Y an (X, p)-set, A an abelian group, and 9 a 
2-cocycle of Cq p {X, A)y ■ Let D be a diagram of an unoriented link in M 3 . Let D + be an arbitrarily 
oriented diagram of D. Then 

Proof. Assign a normal orientation to each semi- arc of D (and of D + ) such that the orientation 
vector determined from D + followed by the normal orientation vector matches the orientation of R 2 . 
For each (X, p)y-coloring C of D, we take a representative of C such that the normal orientation 
of each semi-arc is the same with the normal orientation. Then C determines an assignment of an 
element of X to each semi-arc. Let C + be this assignment together with the same assignment of 
an element of Y to each complementary region as C. Then C + is an AV-coloring for the oriented 
diagram D + in the sense of pfl[20]. Thus there is a bijection between the set of (X, p)y-colorings 
of D and the set of Ay-colorings of D + . At each crossing, the weights for (D, C) and (D + , C + ) 
evaluated by 9 are the same, and hence we have 

0(cd,c) = #(cd+,c+) 

and $<?(£>+) = $g ri (£>). I 

Corollary 6.8 Let (X,p) be a symmetric quandle, Y an (A, p)-set, A an abelian group, and 9 a 
2-cocycle of Cq(X,A)y ■ The invariant Qg 11 does not depend on the orientation of a link if 9 is 
cohomologous in C*(X,A)y to a 2-cocycle satisfying the symmetric quandle 2-cocycle conditions. 

7 A quick calculation of $0 

Throughout this section, we assume that A is a kei and p is the identity map of A (cf. Proposi- 
tion [23]). Under this assumption, the definition of the invariants <!>e can be much simplified. 
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Let D be a diagram in R 2 of an unoricnted link in R 3 . An X -coloring of D is an assignment of 
an element of A to each arc of D such that for each crossing of D, x X3 = X2 holds where x\ and X2 
are elements of X assigned under-arcs and X3 is the element assigned the over-arc as in Figure [T2l 



x\ 



■'•2 



•I':? 



%3 

Xi = Xi 



[V2 



m = y-2 



Figure 12: Coloring conditions 

Let Y be an A-set such that y x = y x for any (x,y) 6 X x Y. An Xy-coloring of D is an 
A-coloring of D with an assignment of an element of Y to each complementary region of D such 
that, for each arc of D, yf = 2/2 holds where y\ and ?/2 are elements of Y assigned the regions 
separated by the arc, and x is the element assigned the arc as in Figure [T2l 

Since X is a kei and p = idx , we see the following. 

(1) An A-set Y with y x = y x 1 for any (x,y) E X x Y is an (X, p)-set, and vice versa. 

(2) Forgetting normal orientations, we have a bijection from the set of (X, /3)-colorings of D to 

the set of A-colorings of D. 

(3) Forgetting normal orientations, we have a bijection from the set of (X, p)y-colorings of D to 

the set of Ay-colorings of D. 

The following is well-known, which is a special case of Proposition 16. II 

Proposition 7.1 (cf. gj G31 QH [21] ) Let X be a kei, and Y an X-set such that y x = y x ^ for 
any (x,y) € A x Y". // iwo link diagrams represent the same unoriented link type, then there is a 
bijection between the sets of X -colorings of the diagrams, and there is a bijection between the sets 
of Xy -colorings. 

Let D be an unoriented link diagram. Fix an Ay-coloring of D, say C. For a crossing v of D, 
there are four complementary regions of D around v. Choose one of them, and let y be the element 
of Y assigned the region. Let x\ and X2 be elements of A assigned the under and over-arcs facing 
the region as in Figure [T51 The weight of v is e(y, x\, X2) where e is the sign of v. (Recall that the 
sign of a crossing of an unoriented link diagram is defined when a region around the crossing is 
specified.) 



xi 



[//] 



(y,xi,x 2 ) 



[y] 



Xl 



X2 



-(y,xi,x 2 ) 



X2 



Figure 13: Weights 

Now we obtain the chain cd,c as the sum of the weights of all crossing of D. The following is 
a special case of Theorem 16.31 where A is a kei and p is the identity map. 
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Figure 14: A diagram of a right-handed trefoil 



Theorem 7.2 The homology class [cd.c] € H^' p (X)y is an invariant of an Xy -colored link. 

Let H{D) = {[c D ,c] E H^' P {X) Y \C : Xy-colorings of D} and = {6>( CjD , c ) G A|C : 

Ay-colorings of D} as multi-sets, where 6 is a 2-cocycle of the cochain complex Cq (X,A)y. 

Corollary 7.3 The multi-sets H(D) and <&e(D) are invariants of the link type of D. 

In order to obtain an invariant of D as in Corollary 1 7. 31 one may restrict the range of colorings 
C suitably in the definition of Tt{D) or &g(D); for example, we have another invariant by assuming 
that C runs over all colorings of D such that the unbounded region is colored by a specified element 
of Y (cf. Example ED). 

Example 7.4 Let X be the dihedral quandlc R3 = Z/3Z of order 3, and p the identity map of 
X. Let Y" = A on which X acts by the quandle operation. A map 

9 : X x X 2 -> Z/3Z ; 9(x, y, z) = (x - y){y - zfz 

satisfies the symmetric quandle 2-cocycle conditions and the linear extension 9 : Z(XxX 2 ) — > Z/3Z 
is a 2-cocycle of the cochain complex Cq p (X, Z/3Z)x- (It is a modified version of Mochizuki's 
cocycle [18] ■) 

Thus, for an unoricntcd link diagram D in I 2 , a multi-set 



$o(-D)oo=o = 



(czxc) G Z/3Z 



C : A"x-colorings of D such that 
the unbounded region is colored by 



is an unoriented link invariant. For example, let D be the diagram of a trefoil illustrated in 
Figure [Til Any coloring C of D such that the unbounded region is is given as in Figure [141 where 
a,b G X = Z/3Z, and the 2-chain derived from the colored diagram (D, C) is 

cd,c = (0, a, b) + (0, b, — a - b) + (0, -a - b, a). 

Then we have 

6(cc D )={°> ifa = 6 ' 
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— (0, —a — b, a) 



-(0,a,b) 



-(0,6, -a -b) 



Figure 15: A diagram of a left-handed trefoil 



and hence < &e(£ ) )oo=o = {0, 0, 0, 1, 1, 1, 1, 1, 1}, which is regarded as a multi-set with elements of 
Z/3Z. Let D* be the mirror image of D. Any coloring C* of D* such that the unbounded region 
is is given as in Figure [15] and the 2-chain derived from the colored diagram (D*, C*) is 

cd*,c = -(0, a, b) - (0, b, -a - b) - (0, -a - 6, a) = -c D ,c- 

Thus we have $6>(-D*)oo=o = {0, 0, 0, — 1, — 1, — 1, — 1, — 1, — 1}. As a consequence, we see that 
the trefoil is chiral. This argument is an unorientcd link version of the argument given by Rourkc 
and Sanderson [20II2T] . 

As seen in Example 17.41 we can calculate the quandle cocycle invariant <j>g rl by calculating 
without considering the sign and the orientation of arcs at each crossing if X is a kei and p is the 
identity map. This gives a practical method of calculation of some $g n , cf. [T21 124"] . 

8 Quandle cocycle invariants of surface-links 

Let D be a diagram in K 3 of an unoriented surface- link in K 4 . Divide over-sheets at the double 
curves and we call the sheets of the result semi-sheets of D. Each semi-sheet is a compact orientable 
surface in K 3 (cf. [LI]). 

We say that an assignment of a normal orientation and an element of X to each semi-sheet of 
D satisfies the coloring conditions if it satisfies the following conditions (Figure [16]) : 

• Suppose that two diagonal semi-shects coming from an over-sheet of D about a double curve 
are labeled by x\ and x 2 . If the normal orientations are coherent then x\ = X2, otherwise 
x\ = p(x 2 ). 

• Suppose that two diagonal semi-sheets e\ and e 2 which are under-sheets about a double 
curve are labeled by x\ and x 2 , and suppose that one of the two semi-sheets coming from an 
over-sheet of D, say e^, is labeled by X3. We assume that the normal orientation of the over 
semi-arc e% points from e\ to 62- If the normal orientations of e\ and e 2 are coherent, then 
x* 3 = x 2 , otherwise x^ 3 = p(x 2 ). 
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Figure 16: Coloring conditions 



A basic inversion is an operation which reverses the normal orientation of a semi-sheet and 
changes the element x assigned the sheet by p{x). See Figure [P71 The coloring conditions are 
preserved under basis inversions. 

An (X, p)- coloring of D is the equivalence class of an assignment of a normal orientation and 
an element of X to each scmi-shcct of D satisfying the coloring conditions. Here the equivalence 
relation is generated by basic inversions. 



Let Y be an (X, p)-set. An (X, p)y- coloring of D is an (X, p)-coloring with an assignment of 
an element of Y to each complementary region of D satisfying the following condition (Figure [18]) : 

• Suppose that two adjacent regions f± and f% which are separated by a semi-sheet, say e, are 
labeled by y\ and ?/2- Suppose that the semi-sheet e is labeled by x. If the normal orientation 
of e points from /i to /2, then yf = yi- 




p{x) 




x 



Figure 17: A basic inversion 
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Figure 18: Coloring condition for regions 



In figures, the label y <G Y assigned a region is indicated by [y]. See Figure [TBI 

Proposition 8.1 Let (X,p) be a symmetric quandle, and Y an (X, p)-set. If two diagrams rep- 
resent the same unoriented surface-link type, then there is a bijection between the sets of (X,p)- 
colorings of the diagrams, and there is a bijection between the sets of (X, p)y -colorings. 

Proof. Suppose that D and D' are diagrams related by a single Roseman move [8j [19] . Let 
E be a 3-disk in R 3 in which the Roseman move is applied. For each (X, p)y-coloring of D, its 
restriction to D\E(= D' \E) can be uniquely extended to an (X, /^y-coloring of D' . Thus there 
is a bijection between the set of (X, p)y-colorings of D and that of D' . | 

Let D be an unoriented surface-link diagram. Fix an (X, p^-coloring of D, say C. For a triple 
point v of D, there are eight complementary regions of D around v. (Some of them may be the 
same.) Choose one of them, say /, which we call a specified region for v, and let y be the label of 
/• 

Let ei, e2, and be the lower semi-sheet, the middle semi-sheet, and the upper semi-sheet at v, 
respectively, which face the region /. By basic inversions, we assume that the normal orientations 
ni, ?i2 and 713 of them point from / to the opposite regions. Let X\, Xi and X3 be the labels of 
them, respectively. The sign of v with respect to the region / is +1 (or —1) if the pair of normal 
orientations (713, n.2, ni) does (or does not) match the orientation of M 3 . The weight of v is defined 
to be e(y, x\, xi, X3) where e is the sign of v. Sec Figure [T9l 
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Figure 19: Weights 

Lemma 8.2 As an element of C^' p (X)y = C%(X)y / 'D$(X)y , the weight of v does not depend 
on the specified region. 



19 



Proof. When we change the specified region, the difference of the weights belongs to D^(X)y -t 
For a diagram D and an [X, p)y -coloring C, we define a chain cd,C by 

c Dfi = x 2 ,Xs) G Cf p (X) Y or C 3 Q < P (A>, 

where v runs over all triple points of v and e(y, xi, X2, S3) is the weight of t>. 

Let (D,C) be a pair of an unoriented surface-link diagram and an (X, p)y-coloring. If D 
changes into D' by a single Roseman move in a 3-disk support E, then there is a unique (X, p)y- 
coloring, say C, of D' which is identical with C outside E. In this situation, we say that (D' , C) 
is obtained from (D, C) by a Roseman move (with support E). 

We say that (D, C) and (D',C) are Roseman move equivalent if they are related by a finite 
sequence of Roseman moves. The equivalence class of (D, C) is called an (X, p)y-colored surface- 
link. 

Theorem 8.3 The chain cd,c is a 3-cycle of C* p (X)y , and the homology class [cd,c] & H^' p (X)y 
is an invariant of an (X, p)y -colored surface-link. 

Proof. First we show that the chain cd.c is a 3-cycle of C* '{X)y ■ Let us fix a checkerboard 
coloring of the complementary regions of D. Using basic inversions, we assume that normal orien- 
tations of semi-sheets of D point from the black regions to the white. Give an orientation to each 
double curve of D such that the orientation vector followed by the normal orientation vector of the 
over semi-sheet and the normal orientation vector of the under semi-sheet matches the orientation 
of M 3 . See Figure HOI 

For a double curve 7, choose a black region around 7, and let y be the coloring assigned to this 
region. Let X\ and X2 be the color of the under semi-sheet and the color of the over semi-sheet 
around 7 which face the black region. Assign a triple (y,X\,X2) € Y x X 2 to the double curve 7. 
See Figure [201 It depends on a choice of the black region around 7, however it determines a unique 
element of C?' P (X) Y . 




Figure 20: The label of a double point set 

If the double curve is not a simple loop, then we give the initial point the weight — (y, x\, X2) 
and the terminal point the weight (y, xi, X2). For each triple point v of D, we choose its specified 
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region from the black regions. In the situation of Figure I2T1 the weights of v is (y, xi, x 2 , x 3 ), and 

d 3 (y,x 1 ,x 2 ,x 3 ) = -(y,x 2 ,x 3 ) + (y Xl ,x 2 ,x 3 ) + (y,x 1 ,x 3 ) - (y X2 ,x X2 ,x 3 ) 
-(y,x 1 ,x 2 ) + {y X3 ,xl 3 ,xf) 
= -(y,x 2 ,x 3 ) - {y XlX \x X3 lP (x 3 )) + (y,x 1: x 3 ) + (y XlX2 , p(xi) X2 ,x 3 ) 
-{y,x l ,x 2 )-{y x ^,p{x 1 Y\xf), 

mod D p ,(X)y- The six terms are exactly the same with the weights assigned the endpoints of 
double curves around v. Since the weights of endpoints of double curves connecting triple points 
must be canceled, we see that 8 3 (cd,c) G C®' p (X)y is the sum of the weights of initial or terminal 
points of the double curves one of whose endpoints are triples points and the other endpoints are 
branch points. However such weights are in the form ±(y, x,x) or ±(y, x, p(x)) which vanish in 
C^ P {X) Y - Therefore the chain c D , c is a 3-cyclc of C?' P (X) Y - 




Figure 21: The label of a double curve 

We show that if {D,C) changes into (D',C) by a Roseman move (whose support is a 3-disk 
E), then [cd.c] = [cd^ o"] m #3 '{X)y ■ The diagrams D and D' and their colorings C and C are 
identical outside of E. The prcimagc of E in the surface-link F and F 1 described by D and D' are 
disks in F and F' , respectively. Assign the disks orientations and project the orientation to the 
semi-sheets of D and D' restricted in E. Assume that the normal orientation of semi-sheets which 
meets E are compatible with these orientations with respect to the orientation of M 3 . For each 
triple point v in E, there is a unique complementary region around v such that the semi-sheets 
face the region have normal orientations from the region. When we choose such a region as the 
specified region, the sum of weights of triple points of D in E and that of triple points of D' in E 
differ by an element of D^(X) or d(C^(X)) by the same reason as in [31 [5]. Thus the difference 
of the weight sum for (£>, C) and for (£>', C) belongs to Df(X) + D P (X) + d(Cf(X)). , 

Let 

H(D) = {[c D ,c] G H?' P {X) Y I C : (A»y-colorings of D} 

as a multi-set. For a 3-cocycle 9 of the cochain complex Cq p (X, A)y with a coefficient group A, 
let 

Stf(D) = {6{c D ,c) EA\C:(X, p) ^-colorings of D} 

as a multi-set. 

Corollary 8.4 The multi-sets H(D) and ^g(D) are invariants of the surface-link type of D. 
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We recall quandlc cocycle invariants of oriented surface- links in the sense of [H [6j [2Qj . Let 
D + be an oriented diagram such that D is obtained from D + by forgetting orientation. Using 
the orientation, we assign the semi-sheets of D + normal orientations such that the orientation 
vectors followed by the normal orientation vector matches the orientation of R 3 . An Xy-coloring 
is assignment of an element of A to each semi-sheet and an element of Y to each complementary 
region of D satisfying the conditions illustrated in the left of Figure [TB] and in Figure [TH] The 
weight of each triple point is defined as in Figure [T§1 Let 

H mi (D+) = {[c D+ , c ] G H®(X) Y I C : Ay-colorings of D+} 

and 

= {0(c D +, c ) eA\C: Ay-colorings of D+} 

as multi-sets, where 9 is a 3-cocycle of Cq(A, A)y. 

If 9 : Z(Y x X 3 ) -> A is a 3-cocyclc of C^ p (X, A) Y , then 6 is a 3-cocyclc of C Q (A, A) Y . 

Theorem 8.5 Let (X,p) be a symmetric quandle, Y an (X, p)-set, A an abelian group, and 9 a 
3-cocycle of Cq p (X; A) Y ■ Let D be a diagram of an unoriented surface-link F such that every 
component of F is orientable. Let D + be an arbitrarily oriented diagram of D. Then 

$ e {D) = $f i {D+). 

Proof. Assign a normal orientation to each semi-sheet of D (and D + ) such that the orientation 
vectors determined from D + followed by the normal orientation vector match the orientation of K . 
For each (X, p)y-coloring C of D, take a representative of C such that the normal orientation of 
each semi-sheet of D is the same with the normal orientation. Then C determines an assignment of 
an element of X to each semi-sheet. Let C + be this assignment together with the same assignment 
of an element of Y to each complementary region as C. Then C + is an Ay-coloring for the oriented 
diagram D + in the sense of [IJ[6j 20]. Then there is a bijection between the set of (A, /C»)y-colorings 
of D and the set of Ay-coloring of D + . At each triple point the weights for (D, C) and (£)', C") 
evaluated by 9 are the same, and we have 

0(cd,c) = Q(cd+,c+)- 

and = $% ri (D). I 

Theorem 8.6 Let(X,p) be a symmetric quandle, Y an [X, p)-set and 9 a 3-cocycle of Cq p (A, Z)y . 
Suppose that for any (y, x±, x%, £3) 6 Y X A 3 , \6((e, , Xi 2 , Xi 3 ))\ < 1. Let F be a surface-link and 
D a diagram of F with an (A, p)y- coloring C. Then \9{cd,c)\ < where t(F) is the minimal 

triple point number of F. 

Proof. Let D' be a diagram of F such that the number of triple points is t(F). Let C be an 
(A, /?)y-coloring of D 1 such that (D' , C) is Roseman move equivalent to (D, C). By Theorem 18.31 
S(cd,c) = 8( c D',c)- By definition, the chain c(D' , C) is expressed as e i(Vt 

)for 

some elements (yi^x^x^^x^) of Y x A 3 and S {±1}- Since \0{{yi, x^x^ , Xi 3 ))\ < 1, we have 
\6(cd>,c>)\<KF). I 
This theorem can be used to estimate the minimal triple point numbers of surface- links. For 
example, see Proposition 19.4) Theorems 19.51 and 19.61 
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9 Examples and applications 



First, we give some examples of quandle cocycles. 

Example 9.1 ([22]) Let X be the order 6 trivial quandle T$ = {ei, e[, e' 2 , e' 3 }, and p : X — > 
X a good involution with p{ei) = e[ (i £ {1,2,3}). Let Y = {e}, which is an (X,p)-set. Define a 
map : Y x X 3 -> Z by 

^(e,ei,e2,e3) X[e,e^,e2,e3) ~(~ X(e,e' 1 ,e2,e' 3 ) X(e,ei ,e' 2 ,e' 3 ) 

e 'i^ e 2,e3) X(e,ei,e' 2 ,es) X(e,ei,e2,e' 3 ) X(e 7 e' 17 e f 2 ,e' 3 ) 

where X(e,o,6,c) is defined by X( e , ,&,c) (e, x, y, z) = 1 if (e, x, y, z) = (e, a, 6, c) and X(e,a,b,c) (e,x,y,z) = 
otherwise. The linear extension 9 : Z(Y x X 3 ) — > Z is a 3-cocycle. In [22] it is shown that the 
invariant has information of the triple linking invariants [7] for oriented surface- links. 

Example 9.2 ([22]) Let X be the order 2 trivial quandle T-2 = {ei,e2}, and p : X — > X a 
good involution with p(x) = x (x G X). Let Y = {e}, which is an {X, p)-set. Define a map 
: Y x X 3 -> Z/2Z by 

" X(e,ei ,e 2 ,ei) • 

The linear extension : Z(Y x X 3 ) — > Z/2Z is a 3-cocycle. In [52] it is shown that the invariant 
has information of the mod 2 triple linking invariants [23] for surface-links which are not necessarily 
oriented or orientablc. 

Example 9.3 Let X be the order 4 dihedral quandle R4, which we rename the elements 0, 1, 2, 3 
by ei,e2,e' 1; e2 respectively. Let p : X — > X be the antipodal map, i.e., /o(e,) = (i = 1,2). Let 
Y = {e}, which is an (X, p)-set. Define a map : Y x X 3 — > Z by 



+X(e 


ei 


,e 2 


,ei) 
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The linear extension : Z(Y x X 3 ) — > Z is a 3-cocycle. 

Now we give some applications on minimal triple point numbers of surface-links. The following 
is obtained from Theorem 18.61 

Proposition 9.4 Let (X,p), Y , and be the symmetric quandle, the (X, p)-set, and the 2,-cocycle 
given in Examvle \9.3\ Suppose that a surface-link F has a diagram D with an {X, p)y -coloring C . 
Then \6{cd,g)\ ^ t{F)> where t(F) is the minimal triple point number of F. 

Let M = Mi U M2 be a 2-component compact surface properly embedded in M 3 x [0, 1] whose 
motion picture is given in Figure l22l The first still shows a trivial 2-component link, which is equal 
to the last still. The second still is obtained from the previous still by a pair of Rcidemcister moves 
of type II. The third is obtained by a pair of Reidemeister moves of type I. There are two saddle 
points between the third still and the forth. The fifth still is obtained from the forth by a pair of 
Reidemeister moves of type III, which are applied around the asterisked regions as in Figure 1231 
The sixth still is obtained by a pair of Reidemeister moves of type I, and the last still is obtained 
by a pair of Reidemeister moves of type II. 
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Figure 22: a motion picture of M 



(1) 



(2) 




■ y y 




Figure 23: Reidemeister moves of type III 



For a positive integer n, put 

ifW = {x + (0,0,0, fc) g 



| a; G M,fc G {0,1, 



1}}, 



which is a properly embedded surface in R 3 x [0, n] . Let F = F'"- 1 be a closed surface in R 4 = E 3 xR 
which is obtained from M^l by attaching some disks trivially in R 3 x (— oo,0] and R 3 x [n, oo). 
Then F is a 2-component surface-link, and each component is a non- orient able surface. Satoh [23j 
proved that the minimal triple point number of F is 2n by a geometric argument on the normal 
Euler number. We can generalize this fact by the quandle cocycle invariant given in Example 19.31 

Theorem 9.5 Let F = F( n > be the surface-link described above. For any orientable surface-knot 
K, t(F#K) > 2n. Moreover, if K is an orientable pseudo-ribbon surface-knot, thent{F#K) = 2n. 
(A surface-knot K is said to be pseudo-ribbon if t(K) = 0.) 



Proof. Considering the motion picture of M (Figure |2"2"| to be a 1-parameter family of classical 
link diagram, we have a broken surface diagram of M with two triple points which correspond 
to the Reidemeister moves of type III in Figure 1231 Combining n copies of the broken surface 
diagram and capping off by trivial disks, we obtain a diagram of the surface-link F with 2n triple 
points, say D. Let (X,p), Y, and 8 be as in Example 19.31 Let C be a coloring of D whose 
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restriction to each copy of the diagram of M is as in Figure [221 where x and y are elements of X. 
Then cd,c = n(e,x,y,x) - n(e,y,x,y) G C^ P (X) Y - If (x,y) = (ei,e 2 ), then 0{c DtC ) = 2n. By 
Proposition IP} > 2n. Thus we have t(F) = 2n. 

It is seen by Proposition 19.41 that t(Ff^K) > 2n where F#K is a connected sum of F and an 
orientable surface-knot K, since the colored diagram (D, C) of F can be extended uniquely to a 
colored diagram (£>', C) of F#K such that c/^c = c D <, c > G C!?' p (A) y . 

If if is an orientable pseudo- ribbon surface- knot, then F#K has a diagram with 2n triple 
points. Thus t(F#K) = 2n. I 

The following was suggested by S. Satoh. 

Theorem 9.6 For any positive integers ri\ and n 2 with n\ = n 2 (mod 2), there is a surface- 
link F\ U Fi such that Fi (i — 1,2) is the connected sum of nt copies of projective planes and 
t(Fi UF 2 ) = 2min{ni,n 2 }. 

Proof. Let n = min{ri 1; n 2 } and F — F^ the surface-link constructed above. Let K be an 
unknotted orientable surface-knot of genus (max{ni, n 2 } — n)/2. As shown above, t(F#K) = 2n. 
The components of Ff^K are non-orientable surfaces which are the connected sums of ni (i = 1, 2) 
copies of projective planes. I 
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